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spectral graph theory

randomized linear algebra
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Toby
trace moment generating function

matrix laplace inequalities

exchangeable pairs background t lemmas

mean valve truce inequality
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X E 71 is a dad random Hermitian matrix

The conjugate
transpose of X

all eigenvalues of x are real

The normalized tracemomentgeneratinghnition of x is

MCO EL tr et

matrix exponential et Eg x

normalized true tr A É Aj
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Matrixlaplacetransforminequalities

XE Hd is a dad random Hermitian matrix Then for all tell

Pr Imax x t I d 11 en fettig
mall

ECI max x E It I logia t log mall

similar inequalitieshold
for Amin

Idea
bound log mall to get

concentration inequalities
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method of exchangeable pairs

mean valve truce inequality

Tim
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Exchangeablepairs

let Z Z be random variables

Z and Z are exchangeable if the distributions

Z Z z Z

Z Z are independently drawn
from the fame distribution

2 Z Z always completely dependent

3 Z II
4 Prob 42

4 Prob 12
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Exchangeablepairs

let X X EY be random did Hermitian matrices

X X are a max pair ul Seaforth e lo i it

1 X X are exchangeable

2

EX X Ix xx almost surely

3 ELIXIR C D

I a more generalized version of
this def

not strictly necessary but we'll
assume this
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Exchangeablepairs

Let X X be a matrix stein pair with scale factor x

The con tionalvariana is

Ax E ETH x'T IF
We'll consider Dx to be bad if

Sy ex try
for some constants civ

dad identity
matrix
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MethodofExchangeabuPair

Suppose X X are a matrix stein pair with scale factory

Let F 71471 be a measurable function that satisfies

EHH XY FUN LA

Then

EEX FLY Ea ETH XY FCK FY

Corday EEN ELLEN x'tix EG
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meanvalvetraceinequality

Let I be an interval of IR Suppose g I
IR is weakly

increasing and h I IR has a convex derivative Then

for all matrices A B e 41 I it holds that

tr gla g B
hea h B

I I tr gla girl La B n'la th LB

where we evaluate gla by decomposing A UD U and
applying the

function g to the diagonal entries of D

g A Vg D U
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goal bound
M
Ym o we'll start by bounding m lol

recall MCO EL tr et

mica EEE XE
Fix

Use method of Exchangeable pairs

EM D
use mean valve trace inequality
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Kat bound
M
Ymca

ti ex ale e

IEEE EÉED
Since X X exchangeable then

x x e x x em X X em

E tr EEE
I

recall Sy E x x X

Then we can refactor
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Kat bound
M
Ymca

m lol E E E tr ex x'Te

ELIF Axe
use the fact that this is

bounded

Sx K CX IVI

E O E Itr ex E VIE

Cotten vetting
m o
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Kat bound
M
Ymca

M O E COM O t Vom o

m lol I o I Vomit

E log1m14 Mmff e É for o sock
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Pay the matrix laplace inequalities

Pr Imax x t ed ist en tot logical

d É en tot tight
replace with our bone

E d int
entot

t 244

fewniamiimia.sk

Ed en
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Pay the matrix laplace inequalities

ECI max x I I logia t log mall

yt loyal Hoglund
replace with our bound

I

Zuloglat t clog d



theorem
let X X be a matrix stein pair and suppon 7

constants civ for which Ax CX VI

Then for all t 30

Prtimax x t E d e
life

Eft ma x Eulogia logia
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Fin how can this be useful

If you have some X EY d did randan Hermitian

matrix you need to

1 Find a good candidate X
to be an exchange su

pair with X

2 Bound the conditional variance
of the pair

Ax ELA MIX ex E

If you can find X n small conditional variance w X

then you can get tighter concentration inequalities on Xmas



Ihartim an example of an
X X pair

let Yi Y EHd be independent randan dad Hermitian

matrices with E Y o and EIY.li co.tk

let X ÉYy
Construct X by choosing J eh uniformly at

random and sampling

YJ an independent copy of Yy

Then let X Y t EyYj



Ihartim an example of an
X X pair

1 Check that X X are exchangeable
u

2 Find the scale factor x

E Lx X ly ELI YIN
I É ELY Yj Ix

Is Y
So a



Ihartie an example of an
X X pair

3 Lanpute Tx

Ax E EEN XT Ix

I I É ELLY Y T IX

I É Y Y EU EY Y EE

I ÉCj EU
So if we can control the size of individual Yj
and ELY we can bout Dx as well



Thank You

Questions


